
Journal o[ Engineering Physics and Thermophysics, Vol. 69, No. J, 1996 
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T h e  n o n s t a t i o n a r y  t e m p e r a t u r e  f i e l d  in a ha l f - space  hea ted  across  a c ircular  region with a k n o w n  r a d i u s  r 

= R over  a s u r f a c e  z = 0 o f  a s e m i b o u n d e d  body  is f o u n d .  O u t s i d e  the c ircular  region r > R the ini t ia l  

t e m p e r a t u r e  O(r, O, r )  = T(r ,  O, r) - T O = 0 is m a i n t a i n e d  on the sur face  z = O. Par t icu lar  regular i t ies  o f  

d e v e l o p m e n t  o f  n o n s t a t i o n a r y  t empera tu re  f i e l d s  a long  the ax i s  r = O, z >_ 0 a n d  over  the s u r f a c e  z = O, 

0 <- r < R are  given.  

The problem of increasing the accuracy of therrnophysical measurements is inseparably linked with the 

creation of precision tools for implementation of the theoretically postulated boundary conditions that are the basis 

of any method  of de te rmina t ion  of thermophysica l  characterist ict ics.  In a technique for a thermophysical  

experiment, two kinds of boundary conditions can be realized most simply and sufficiently: constancy of the surface 

temperature of the investigated body and constancy of the specific heat flux if the latter is initiated by a quick- 

response electric heater. 

The present work is aimed at solving the relevant original two-dimensional problem on transient heat 

contuction for isotropic and orthotropic half-spaces when the indicated boundary conditions on the surface (z = 0) 

of the investigated semibounded body exist simultaneously, i.e., in the region (z = 0, 0 < r _< R) a constant specific 

heat flux qo = const is prescribed, while outside the circle (z = 0, r > R) a constant temperature equal to the initial 

To is maintained. 

Solution of such two-dimensional problems of mathematical physics in the presence of mixed discontinuous 

boundary conditions of the first and second kind usually involves the analysis (solution) of paired integral equations 

[1, 21. 
In the present work it is shown that an analytical solution of the formulated two-dimensional problem of 

t ransient  heat  conduc t ion  with mixed discont inuous boundary  condit ions for certain ranges of cylindrical 

coordinates (r, z) in the investigated body can be constructed without solving directly the paired integral equations. 

Mathematical Formulat ion of the Problem. It is required to find a solution of the following system of 

differential equations for the functions 

01 (r, z, r) = T I (r, z, r) - T O = 01 

and 

( O < r < R ,  z > 0 ,  r > 0 )  

0 2 ( r , z , r )  = T 2 ( r , z , r )  - T O = 02 (r > R ,  z > 0 ,  r > 0) :  

020l 1 O01 a z 0201 1 O01 
- -  + - -  - -  + - , 0 ~ r < R ;  

Oz 2 Or 2 r Or a r a r Or 

(t) 

0202 1 002 a z 0202 1 002 
- - + -  - - +  - - -  , R < r <  ~ ,  ( 2 )  

Or 2 r Or a r Oz 2 a r Or 
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at the boundary  conditions 

01 ( r , z ,  0) = 0 2 ( r , z , 0 )  = 0 ,  (3) 

O01 (r, 0, r) q0 (4) 
Oz - ~ ,  Irl < R ,  z = 0 ,  r > 0 ,  

02(r, 0, r ) = 0 ,  Irl > R ,  z = 0 ,  r > - 0 ,  (5)  

00: (0, z, r) 
Or 

- 0 ,  r = O ,  z > O ,  r _ O ,  (6) 

001 (r, oo, r) 002 (r, 0% r) dO 2 (oo, Z, r) 

Oz Oz Or 
- 0 ,  (7)  

01 ( R , z , r )  = 0 2 ( R , z , 0 ) ,  z > 0 ,  (8) 

o0 l ( R , z , r )  0 0 2 ( R , z , r )  (9) 
- z > 0 .  

Or Or ' 

Sequence of the Solution. Step  1. At OOi/Or = 0, i = 1, 2, the solution of the s teady-s ta te  two-dimensional  

problem for the function 01 (r, z) = 02(r, z) (the body is isotropic, K a = 1, where K a = a r / a  z is known [4 ]) is 

2q o 
= 

sin x R  x R  cos x R  (10) 0 (r, z) = J exp ( -  xz)  Jo (xr)  2 d x .  
o x 

S tep  2 .  Now we write the Fourier  sine and cosine t ransformat ions  of solution (10) for Irl  > R and 
Irl < R: 

0 c ( r , p )  = f O ( r , z )  c o s p z d z =  10(pr)  t e x p ( -  tp) d t +  
o r 

+ -- I 0 (pr) t exp ( -  tp) dt - 2 Io (pr) + = 
2 0 2p 

= q__o0 10 (pr) f t exp ( -  tp) dt - --~ I 0 (pr) + , I r I < n ; 
2 o p 

(ll) 

oo 2qop ~ t 
0~ (r, p) = f 0 (r, z) sin pzdz = ~ P 

o o 
sh (tp) K 0 (pr) dt = 

Summary  of step 2: 

2q o R 
=-,~::i-Ko(Pr) f t s h ( t p )  d t ,  I r l  > R .  (12) 

o 
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I exp ( -  Rp) (1 + pR) 2 ~ x.l 0 (xr) sin xR - xR cos xR (13) 
-~  - 1 0 ( p r )  2 = - -  " 2 2 2 d x ,  
p p 7c O x + p  x 

r <  R ;  

pR ch pR - s h p R  7 JO (xr) s i n x R -  xR cos xR 
K 0 (pr) 2 = p - x 2 2 2 d x ,  (14) 

p 0 + p  x 

r > R .  

Step 3. Applying Laplace and, respectively, Fourier cosine and sine transformations to differential equations 

of transient heat conduction (1) and (2), it is easy to obtain a solution for ~Jlc(r, p, s) and Ozc(r, p, s) in the form 

(K a = 1): 

(16) 

Using boundary conditions (7) and (8), we arrive at the following system of equations: 

+ A (p, s) Io (R V ~  (P 2 + 

sin pzdp , (17) 

(18) 

Step 4. We now use an integral relationship between the Fourier sine and cosine transformations of the 

following form 

f / z  (s, p) sin pzdp = f g (s, p) cos pzdp , 
o o 

(19) 

where 

~, (s, p) = p .~ f (x) dx (20) 
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/ {x) dx 
g (s ,  p)  = x 2 p2 s 

0 + + - -  
t2 

Applying relat ions (19)-(21) to each of Eqs. (17), (18), we can write 

= ~f /I (x) dx 

0 x2 + p 2 +  s 
a 

Pl (s, p) = B (p, s) K 0 
fl (x) dx 

( :+;+~), / ( :+~) 

(21) 

(22) 

(23) 

g2(s,P) = A ( p , s )  V f ( p 2 + S )  I1 ( R V ~ ( p 2 + ~ ) I  = 

= ~ h (x) dx , (24) 

o ( :+:+~), /( :+~) 

,,~ . .  ~) = - . ,~, s, . /  ( :  + :) ,~, ( .  v '  ( :  + ~l = 

= P ~ f2 (x) dx (25) 

o (x~+:+~) , / ( ;+~ )  

Let us pass to Eq. (13) in which the complex ~/p2 + s /a  and r = R can be taken as the pa ramete r  p. Then 

' + + 
p + -  p + -  

a a 

2 ~f xJ o (xR) sin xR - xR cos xR 
2 2 S 2 

7 C O x + p + - -  x 
a 

dx. 

Multiplying (26) by ~(s)/2 and comparing the obtained expression with Eq. (22), we find that 

2 
A (x) = -y .I o (xR) 

s i n x R - x R c o s x R  -q (x) 
X T 

(26) 

(27) 

A (p, s) = - 

According to (23) and (27) we have 

ex0I 
2 S p + - -  

a 

(28) 
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2p~ (s) ~ .t o (xR) 

o 

• 

sm xR - xR cos xR 
• dx .  (29) x 

If we differentiate Eq. (13) with respect to r and assume that p -* ~/p2 + s / a ,  then employing expressions 

(24) and (25) it is easy to find that at r -- R 

]'2 (x) = - ~ JI (xR) (sin xR - xR cos xR) , (30) 

v( :) ( e( B (p, s) p2 + K l R p2 + 2p-qx1_(s) ~0 x 2 + p 2  + s 

a 

sin xR - xR cos xR x dx .  

X 

Thus, solutions (15) and (16) with the use of (28), (29), and (31) can be written as: 

= q(s) =~ . )_10  ( r W [ ( p 2 + S ) l  • Olc(r'P' S)] r<R /l, (p2 + sa) 

exp ( - R V / ( p 2 + S ) ) / l  +RN/'(p2+S)) 
2 S p + - -  

a 

(31) 

(32) 

2q(s)  KO f r ~ / r ( p i + S ) )  ~f J o ( x R  ) 
• 

02s (r, p, S) [ r>R .7r}t K 0 R P + 0 x + p + -a 

/, ,/(,2 + s/ 
sin xR - xR cos xR dx = - ~ • 

) 
• P ~ Jl (xR) (sin xR - xR cos xR) ~ (33) d x ,  - ~ < a r g v ~  <_~-. 

Since for further  studies and practical applications it is of interest to have a solution for the temperature 

field Oltr, z, r) in the first region (0 < r < R, z >_. 0, r > 0), we find the inverse transform of (32): 

647 



0 l ( r , z , s )  ~ ( s )  v ' - a e x p  - z - 2 s 
~4-~ ~r~ o p + -  

a 

•  ( - R 4 ( p 2 + S ) )  c O s p z d p -  2"~(s) ~ I~ ( r 4 ( p 2 + S ) )  

x cos pzdp = 2"q (f~ v~a x 

exp  - - -  

x f Jo xr s in  Rx dx 2~(s) R 
o ~ - - ; Z + s  x 

exp  - - -  

• Jo xr Rx .......... COS dx = 
0 ~ ' Z + S  

o 

exp  / - ~//x~ ~/)  ~o 

- -  X 

(xr) s in  (xR) - xR cos (xR) dx , 
X 

or  a t  q ( s )  = qo/s  in t he  t ime  d o m a i n  we h a v e  

o / : t  ''nx-c~ qo R 
01 ( r , z , r )  = f Jo  x 2 )< 

~ t  x 

l- R -~ f--d~) - 

- e x p  - - - x  erfc . - - +  dx .  

For  a n  o r t h o t r o p i c  b o d y ,  so lu t i ons  of (34) a n d  (35) a re  ea sy  to o b t a i n  in the  fo l lowing  fo rm:  

I z / exp  x~ s + ar~:2/R 2 

3r3t z 0 ~/ s + arx2/R 2 

(~ ) sinx-xcosx 
Jo x 2 dx ,  O < r < R ;  

X 

(34) 

(as) 

(36)  
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I - s ' ~ 1 7 6  
01 (r, z, r)  qoR J 0 x 2 

qtr)=qo "~'~z ~ Ka 0 x 

r < R  

X 

X exp  - - - ~ x  erfc �9 - - 
R 2 a~/~d R 

- exp  V ~ a  x erfc z + x d x .  (37) 

On the axis  r --- 0 (z, r > 0) solut ion (37) acqui res  the form 

= - -  exp - erf  x 

- T o erf Rx  exp ( -  x 2) dx (38) 

Reca l l  that  bz = 2 z / v ~ z ,  Ka = ar/az. T h e  excess  t e m p e r a t u r e  at the cen t e r  of a hea t ing  spot  at r = z = 0 on 

the  sur face  of the c o n s i d e r e d  o r tho t rop ic  body is d e t e r m i n e d  by the fol lowing express ion :  

- erf  . (39) 
b~ v'-d 

In a s t e a d y - s t a t e  t h e r m a l  r eg ime  (T ~ oo) solut ion (37) has  an  ana ly t i ca l  e x t e n s i o n  to the  second  reg ion  

r > R. T h u s ,  for  a n y  point  r a n d  z we have 

( (:) Oi(r, z, o o ) =  2q0R exp - ~ x  Jo  x x 
b ?  ,/-~ o R 

s i n x -  x c o s x  
x 2 d x ,  i =  1 , 2 .  (40) 

X 

At K a = 1 we have  the  c o r r e s p o n d i n g  s t e a d y - s t a t e  so lu t ion  f rom (40) for  an isotropic  ha l f - space  hea t ed  

a c r o s s  a c i r c u l a r  r e g i o n  (0 < r < R,  z = 0) by a c o n s t a n t  h e a t  f lux  wi th  t e m p e r a t u r e  T O o u t s i d e  t he  c i rc le  

(r > R,  z = 0) be ing  m a i n t a i n e d  cons t an t  at the b o u n d a r y  of the  g iven body [4 ]. 

At z = 0 f rom (40) the  va lue  (d i s t r ibu t ion)  of the  s t e a d y - s t a t e  t e m p e r a t u r e  on the  sur face  of the  o r tho t rop ic  

ha l f - space  is o b t a i n e d  in the  reg ion  of a c i rcu la r  hea t ing  spot C0 < r < R):  

0 i (r, O, o~) = 

2qoR 
V _ _  1 - , r <  R ;  

~;t  z V ~ a  

O, r> -R .  

(41) 

T h e  s t a t i o n a r y  va lue  of excess  t e m p e r a t u r e  (4) on the  axis  r = 0 (z >_ 0) can  be r e p r e s e n t e d  as 
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01 (0, z, ~)  = - -  (42) 2q0. { 
- - -  v ~ a  arctan 1 

R 

a n d  according to (41) and (42) at the central point of the circular heating spot it acquires the simple form 

o ( o , o ,  ~ )  - - -  
2qoR (43) 

The relationship between the specific heat flux 2zOlO(r, O, ~) /Oz = q*(r) at any point of the boundary surface 

z = 0, r >_ 0 and the prescribed specific heat flux q0 = cons( is as follows 

q* (r) 
qo 

- 1 ,  r ~ _ R ,  

~- r2 - arcsin , r > R.  

- 1  

Based on the above analytical representations,  formulas can be obtained for determinat ion of the 

thermophysical properties of orthotropic materials (without loss of their integrity) provided that theoretically 

postulated boundary conditions (3)-(9) are realized in the technique of the thermophysical experiment. 

N O T A T I O N  

Ol(r, z, r), 02(r, z, T), excess temperatures in the corresponding domains of the variable r (throughout the 

text); r0, r, R, radius of circle and cylindrical coordinates, respectively; q(r), q0, specific heat flux; Ka = ar/az, 

parameter characterizing the relationships between thethermophysical properties in the corresponding directions; 

s, p, parameters of the integral Laplace and Hankel transformations; Jo(x), J l (x) ,  Bessel functions of the zeroth 

and first order; lo(x), I1 (x), Ko(x), KI (x), modified Bessel functions of the corresponding order. 
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